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Sristence £ UNLGULALS

measuwt, -tﬁwy recap.
Definition 3.1

On measurable space (2, F):
Q /. is a measure, if
o u:F —[0,00], u(0) = 0.
o If E =2, E; disjoint union, then u(E) = iu(E;).

Q v is a o-finite measure if there exist sets A, € F,
S.t.

o O =U2; A,
o (A, < .



Definition 3.2 (Signed measure)

Given a measurable space (£2, F) (2 is a set, on which
JF is a o-algebra). « is a signed measure on (€2, F), if

@ a(E) € (—o0, ], VE € F.

o o(P)=0.
o If E =UE; is disjoint union, then a(E) =X a(E)),

i
in such sense, that
Q If a(E) < oo, then there is absolute convergence,

Q If a(E) = oo, then >3- a(E;)” < oo and Y a(E)" = oo.

y

Jordan’s Theorem: doq, ap are positive measures, that
a1las and a = a; — .

&



‘BbSolute, contigui

Let
@ 4 be a finite or o-finite measure on F
@ v be a finite, sighed measure on F.

We say that measure v is absolute continuous for u (
v ), if

Ve F: u(C)=0=r(C)=0.
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Theorem 3.3 (Radon-Nikodym)
Q@ (K2, F) probability space.

Q@ . o-finite, [@,w%%/& iS M?&@"LM‘U)

@ v a S/gned measure on F (uwe, Gsn Tunk if 1< ‘F’Uv{e BQM’,,/

Q@ < uonlF.
Then df € F, s.t.

(a) J|f(w)|dp(w) < oo,
(b) v(C) :gf(w)d,u(cu), VC e F.

(c) If f, f, € F satisfy (a) and (b), then
fi(w) = f(w) {”e’o/a ae. Wer (»v dewedt).
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Coudiskoondl Tobab: (L%,

Definition 4.1 (Conditional probability)

Let F be a sub-c-algebra of A. For every Ac A
conditional probability of A with respect to (w.r.t.) the

o-algebra F:
(11) P(A|F) :=E[14]F].
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Topertier continuldl, g« bopeprdy

(c) Csebisev inequality:

(i) If F1 C F>, then /

(12)  P(IX]| > alF) < a’E[X?|F]. Q E[E[X|F]|F] =E[X]|F]

(d) Monoton convergence theorem: Let us Q@ E[E[X|F][A] - E_[Xu:l] _
assume, that X, >0, X, 1 X, E[X] < 0o So always the more primitive o-algebra wins.
then (j) f XeF,E[|Y|],E[|XY]|] < oo, then

E (X, 7] 1 E[X|F].
| (15) E|X -Y|F]=X- -E[Y|F].
(e) Applying the above for Y1 — Y,: If Y, | Y,
E 1 Yall « B Y h
IE[[‘X1||]]—1] i[IE[‘)](r]:TO’ then (k) E[X|F] as projection: Let us assume, that
— o E |X?| < co. Then E[X|F] is the orthogonal
(f) Jensen inequality: If © is convex, s 5
E[IX]],E[lo(X)]] < oo, then projection of X to L*(€2, F,P). In other

words:
(13)  @(E[X]|F]) < E[p(X)|F].

(g) Conditional Cauchy Schwarz:
5 (1) X = E[X|F] is self-adjoint on L%(Q, A,P):
(14)  E[XY|F]" <E|X?|F|E|Y?F|.
E[X-E[Y|F]] = E[E[X|F]-E[Y|F]]
(h) X — E[X|F] is a contraction on LP, if p > 1:
(16) = NEHIEIE A

E|(X —E[X|F])*] = min I (X =Y)?].

E[E [X]|F]] < E[IX|’]

e E(F) €LE(R) /8



Conditional Expectation

Properties of conditional expectation V

Let us define conditional variation w.r.t. o-algebra (see
[1, Def. 7.35] and [1, Statement 7.36]):

Var(X|F) := E [X?|F| - E[X|F]*.

Then
(m) Var (X) =IE [Var(X|F)]+ Var (E [ X|F]) .

(n) Q= U (2; is disjoint union and P(2;) > 0.
Let F be the o-algebra generated by {Q;}7,.
'. Then for a r.v. X:
~ : L[ X Q2]
@ X|F] = - 1q..
Q) ey e G

| 46 /114




Conditional Expectation

Properties of conditional expectation VI

(p) Bayes’s formula: Let F € F and A€ A.
Then

(AlF)

P
(17) P(FIA) = 5 am

D — | T —

s is easy to see, that this statement gives
Bayes-theorem, in the case, when F is
generated by a partition.

Z0
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Definition 5.1

@ An increasing sequence of o-algebras F,, is called
filtration .

@ X, is adapted to F,, it X, € F,, Vn.

o (X,) is a martingale for filtration F,, if
a) E[|X,|] < oo

b) X, is adapted to F,,

) E(Xos1]|Fn) = X, Vn > 1.

(@)

If (a) and (b) are satisfied, but = of (c) is replaced by
(')
(c”)

, then (X,) is a supermartingale

AVARRVAS

, then (X,) is a submartingale .



Martingales

oo|’_‘ oo|’_‘ oo|’_‘
O W0l il 00l NI~ 00]UT I 00]~T = 0010 Aot Pl= ol Pleo inl~1 Plo

M,
Ml () = [O, 1] and P = Eeb|[0,1]
if v =Y 2,27, z, € {0,1}
n=1
Mo ot 6. — 1, ifxp =1;
CURTY 21, ifa, =0

From this, M,,(z) =1+ Y 0,27%
k=1

F, is generated by { |2, &) :i=0,...2" — 1}
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Example 5.3

We throw a regular coin many times. Let the outcome of
the n®" throw be &, = 1 if it's head and &, = —1 if it's
tail. Let X, =& + -+ &, and F,:=0{&, ..., & }if
n>1and X, =0 and Fy = {0, Q}.

'E(\Xn\)é'l’b
. Xné\fn)c(e/dﬁij i

° U [Xn—l—l‘Fn] — \4: [Xn|Fnl+\£ [€n+1|Jrnl — Xn .
X 0

So X, is a martingale for F,,.




Gev\erwug

Example 5.2

Let us imagine a player, who plays a fair game (with
expected value 0) very many times. Let M, be his/her
winning after the n' game (or losing if M, is negative)
and let Y, be the outcome of the n® game and let
Fn=0(Y1,...,Y,). Then (M,) is a martingale for F,.

/




Martingales

Example 5.4
Let Xi,..., X, i.id. E[X;]] = and
S, =5)+ X;{+---+ X, be arandom walk. Then

M, := S, — nu is a martingale for F, .= o(X1,..., X,).
Namely: M, 1 — M, = X,.1 — it is independent of
X, ..., X1, 5, so

L [Mp1 — My | Fo] = E[Xp1] — = 0.

So

[ My 1| Fa] = M,

If 1 <0, then S, supermartingale and if © > 0, then S,
submartingale.

53 /114



Theorem 5.5

Let X, be a MC, whose transition matrix is

P = (p(x,y))x,. Let us assume, that for a function
f:SxN—=R:

(18) f(x,n)=>_ p(x,y)f(y,n+1).

y

Then M, = f(X,, n) is a martingale for
Fn=0(Xy,...,X,). In the special, when

(19) h(x) =3 p(x, y)h(y),

then h(X,) is martingale for F, = o(Xy,...,X,)

547 114"




Proof.

L [f(Xog1, n+ 1)1 F]

| |
=<
X
= 5><
<
N’
\H
A~
<
S
_|_
—t
N’

55 /114



Example 5.6 (Gambler's Ruin)

Let X1, X5, ... ii.d. s.t. for some p € (0,1), p # 1/2:
P(Xi=1)=pand P(X;=-1)=qg=1—p.

Let S, = So + X1+ -+ X,. Then

Is a martingale.

This comes from that h(x) = (%)X satisfies condition

h(x) = Eyip(Xa)/)h()/) )apply Theorem 5.5.

56 / 114



Martingales

Example 5.7 (Simple symmetric random walk)
Yi,Yo,... iid. P(Y;=1)=P(Y;=-1)=1/2.
Shn=S+Yi+---+Y, Then M,: =52 —nis a
martingale for o(Yy,..., Y,).

Namely: we must show, that for f(x, n) = x* — n the
equality in (18) is satisfied. In other words, that

X2—n:;((X—l)z—(n+1))+;((X+1)2—(n+1)).

And this is given by a trivial computation.

8) f(x,n) X =10k
(18) xn) =5 px. ).+ 1) 57 /114



Martingales

Example 5.8 (product of independent r.v.s)

Given are X1, Xp,--- > 01i.i.d. and E[X;] = 1. Then
M, = My - X;---X, is a martingale for
.IT"n . — O'(Xl,...,Xn).

Namely:

g [Mn+1 — Mn‘-'rn] =M, -E [Xn+1 _ 1|]:n] = 0.

This latter is because X, .1 is independent of X7, ..., X,
hence X,,1 is also independent of the o-algebra F,

generated by them. So,
L[ Xnp1 — 1 Fp] = E[Xq1 — 1] = 0.

58 / 114




Martingales

Theorem 5.9
Let p,1) : R — R a convex function and 1) be increasing.

(a) If M, is a martingale, then o(M,) is a
submartingale.

(b) If M, submartingale, then {)(M,) is a
submartingale also.

This is an immediate corollary of Jensen's inequality
(formula (13)) and the definition.

So, if M, is a martingale, then e.g. |M,| and M? are
submartingale.

E(PCHne) V5 ) > SO (o W5 ) = Pl )

CHHDIFA) 2 TCE M 36 2 MY 59 /114




Theorem 5.10

Let M, be a martingale. Then

(20)  E[MZ,|F)] — M2 =E[(My1 — M,)*|F].

Proof. ,
(21) E |(Mp11 — M,)" | F| =

L (M2, | Fy| — 2M, E [M,,jl\FnHMﬁ
M,
=E[M2,|F,| — M.

y

Now we prove the orthogonality of the increments of the

martingale. 60 / 114



Theorem 5.11

Let M, be a martingale and let 0 < | < j < k < n. Then

(22) (M, — M) - M] = 0.

and its obvious corollary:

(23) 5 [(M, — M) - (M; — M))] =
Proof.
Proof of (22): ()

¥

L [(My — M )Mj] = E[E[(M, — M )M;| Fi]]
= E[M;-E[(M, — My)|Fi] | =0
beFs &) — v 61/114




Martingales

Corollary 5.12

Using notation of Theorem 5.11:

5 (M — Mo = 3 43((”\&“ M- )

k=1

62 /114



Martingales

Proof.
By using formula (23):

D [(Mn — Mg)z} =E (kznjl My — Mkl)

:kZI]E[(Mk — Mk_1)2:’
+2 > E[M— M 1)(M; — M;_1)].

1<j<k<n~ ¥ g

63 /114



Martingales

Let m < n, then from the definition:
Lemma 5.13

o If M, is martingale, then E[M,,| =E[M,],
o If M, is submartingale, then IE (M| <E[M,],
o If M, is supermartingale, then IE[M,,| > E[M,].

"he next example is about a famous betting strategy.
"hen we will see that

(24) "you can't beat an unfavorable game.”
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