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Abstract. In this note we present a dimension formula for certain randomized self-similar sets.
The self-similar sets we are considering are d-dimensional generalizations of rational projections of
inhomogeneous sponges: they have overlaps, but the overlapping structure is in some sense well-
organized. The randomization happens according to a labelled Galton–Watson tree corresponding
to the cylinders of the IFS, for example as in the case of the Mandelbrot percolation set. The
dimension formula is given in terms of a pressure function corresponding to the expectation
matrices, which describes the overlapping structure and the randomness of the system.

1. Introduction

In this note we consider the Hausdorff, box and packing dimensions of some overlapping statistically
self-similar sets. A special case of the random model we are considering is the Mandelbrot percolation
process running on cylinders of certain self-similar iterated function systems (IFSs). The most
natural examples of the one-dimensional IFSs in which we are interested are the rational projections
of 2-dimensional sponges. The projected IFS is conjugated by a similarity (see Section G) to an
integer self-similar IFS. Our running examples are the following IFSs:

Example 1. The following IFS is conjugated by a similarity to the 45-degree projection of the
right-angled Sierpiński carpet, see Figure 1.

(1) S “

"

Sipxq “
1

2
x ` i

*2

i“0

Example 2. The following is one of the simplest 2-dimensional examples for which the results
of this note can be applied. See Figure 1 depicting the first level cylinders. The points for the
translations are denoted by red.

(2) S “

!x

2
` ti

)9

i“1
,

where ti runs through the set t0, 1, 2u2.

Generally, in dimension one the IFSs we consider are of the form

(3) S “ tSipxq “ x{L ` tiu
M
i“1, 2 ď L P N, ti P Q.

In dimension d we are more restrictive as we require the following:
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Figure 1. Depiction of Examples 1 and 2.

S :“

"

Sipxq :“
1

L
x ` ti

*M

i“1

, Si : Rd Ñ Rd,

L P Nz t0, 1u , ti P Nd, Dh P N, L ´ 1|h, @j P rds1 0 “ min
i

tipjq, h “ max
i

tipjq,(4)

where tipjq is the j-th coordinate of the i-th translation ti. One can easily construct such d-
dimensional IFSs, a way to do this in dimension 2 is explained in Figure 2. Here one should choose
the contraction ratio 1{L and further a natural number N ě 2. The importance of N will be clear
from Section 2.1. Throughout this note we call the one- and d-dimensional IFSs that satisfy (3)
and (4) respectively integer self-similar IFSs. The overlapping structure of the cylinder sets of
these IFSs can be described using certain matrices. When we consider the randomized attractor
corresponding to the IFS, the overlapping structure can analogously be described using certain
expectation matrices (which we define in Section 4).

The dimension formula appears in terms of these expectation matrices under some positivity
conditions imposed on the matrices. Given the expectation matrices M0, . . . ,MLd´1 one can define
the subadditive pressure:

(5) P ptq “ PM0,...,MLd´1
ptq :“ lim

nÑ8
1{n logp

ÿ

θPt0,...,Ld´1un

}Mθ}tq,

where Mθ “ Mθ1 ¨ ¨ ¨Mθn , for θ “ θ1 . . . θn, and the matrix norm is }}, simply the 1-norm.
Assume that for all θ P t0, . . . , Ld ´ 1u, Mθ contains a strictly positive element in all rows

and columns and there exists θ1, . . . , θn with θi P t0, . . . , Ld ´ 1u such that the product matrix
Mθ1 . . .Mθn is strictly positive. Let Λ denote the random attractor. The dimension formula is given
by

(6) dimH Λ “ inf
tPr0,1s

P ptq{ logpLq,

almost surely conditioned on non-extinction. For the precise definition of the random attractor see
(9). For the precise statement see the main theorem of this paper: Theorem 8.
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Figure 2. Depiction of the construction of an IFS satisfying (4). Here L is the
contraction ratio, and N P N is chosen arbitrarily. We start with an L ˆ L square,
from this we form an N ˆ N grid. We arrange the cylinders so that the grids are
aligned. An example is shown in the right most image, where the cylinders are
denoted with grey and their translations by red dots. The importance of N is clear
from Section 2.1.

1.1. Setup and notation. In this note we confine ourselves to certain self-similar IFSs, in dimension
one these are of the form (3) and in dimension d they are conjugated via a similarity to (4). For a
natural number K ą 1, we will often use the alphabets t0, . . . ,K´1u “: rKs0 and t1, . . . ,Ku “: rKs1.
Let Σ

rKs

0 “ tHu, where H is the empty word. For the finite alphabet rKs (either rKs0 or rKs1) we
use the following notation for n P N:

ΣrKs
n “ rKsn, Σ

rKs
˚ “

8
ď

n“0

ΣrKs
n , ΣrKs “ rKsN.

In natural language, these are the words of length n, the finite words, and the infinite words over
the alphabet rKs respectively. We also use the notational shorthand

Si1...in “ Si1 ˝ ¨ ¨ ¨ ˝ Sin .

For a d-dimensional (d ě 1) self-similar IFS there exists a compact set B Ă Rd, for which
SipBq Ă B. By a classical result of Hutchinson, for this IFS S, (say, S “ tS1, . . . , SMu) there exists
a unique non-empty compact set satisfying

ΛS “
ď

iPrMs1

SipΛSq.
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We refer to this set as the attractor, and note that it can be equivalently defined as

ΛS “
č

nPN

ď

pi1,...,inqPrMsn1

Si1...inpBq.

The definitions of the Hausdorff and box dimensions, the notion of conjugation of IFSs, and the
terminology of symbolic spaces and trees are collected in the appendices.

2. Model

In this section, we introduce in detail the deterministic IFS underlying the random model which
we will use throughout this note. We are interested in IFSs which contain overlaps. In general,
overlaps lead to complex geometric structure which results in a wide range of complicated behaviour.
To be able to manage the overlaps, we restrict to a family of self-similar IFSs whose cylinders align
with a fixed L-adic grid, and encode the overlaps by matrices recording how many cylinders of each
type meet each grid cube. This family of IFSs and their matrix representation was introduced and
studied extensively by Ruiz in [21] where he considered self-similar measures on IFSs of this type.

2.1. Deterministic integer self-similar IFSs.

2.1.1. Setup. We fix an integer self-similar IFS S, with common contraction ratio 1{L, and #S “

M . Let ζ be the self-similar measure corresponding to the IFS S and the probability vector
p1{M, . . . , 1{Mq: for Borel sets A, the measure ζ satisfies

ζpAq “

M
ÿ

j“1

1

M
ζpS´1

j Aq.

Next, we introduce a family of partitions (mod 0) of Rd and refer to the elements of these partitions
as L-adic cubes:

Dk :“
␣“

pi1 ´ 1qL´k, i1L
´k

‰

ˆ ¨ ¨ ¨ ˆ
“

pid ´ 1qL´k, idL
´k

‰

: pi1, . . . , idq “ i P Zd
(

,

k P t´1, 0, 1, 2, . . . u .

Particular attention is given to those elements of D´1 which have positive ζ-measure. We call them
basic cubes. We define the N basic cubes as

!

J puq :“ rbup1qL, pbup1q ` 1qLs ˆ ¨ ¨ ¨ ˆ rbupdqL, pbupdq ` 1qLs

)N

u“1
, bu P Nd, u “ 1, . . . , N.

We call u P rN s1 (the cube J puq) a type. Here, tbuuu“1,...,N is arranged in a lexicographical order.
For d “ 1 the smallest interval that contains all the basic cubes is

I “ r0,FixpSM qs “

„

0, L
tM

L ´ 1

ȷ

.

Here we used that tM
L´1 P N.

For d ą 1 it follows from condition (4) that the smallest cube containing all basic cubes is

(7) I “

”

0, L
h

L ´ 1

ıd

,

similarly recall that L ´ 1 divides h according to our assumption.
For every u P rN s1 and n P N the basic cube J puq subdivides into pLdqn congruent subcubes of

side-length L´pn´1q contained in Dn´1, which we denote by J
puq

θ , where θ “ pθ1, . . . , θnq P rLdsn0 .
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We identify each θ P rLds0 with pθp1q, . . . , θpdqq P rLsd0 via θ “
řd

j“1 θpjqLj´1. For u P rN s1 and
θ “ pθ1, . . . , θnq P rLdsn0 let

J
puq

θ :“
d
ź

j“1

”

bupjqL `

n
ÿ

ℓ“1

θℓpjqL´pℓ´1q, bupjqL `

n
ÿ

ℓ“1

θℓpjqL´pℓ´1q ` L´pn´1q
ı

.

An example is shown in Figure 3.

Fact 3. For any ℓ P rM sn1 and u P rN s1

(1) There exists v P rN s1 and rθ P rLdsn0 such that

SℓpJ
puqq “ J

pvq

rθ
.

(2) For θ P rLdsm0

SℓpJ
puq

θ q “ J
pvq

rθθ
.

For the proof see [17, Fact 1.1]. For every θ P rLds0 we define the N ˆ N matrix

(8) Bθpu, vq :“ #
!

ℓ P rM s1 : SℓpJ
pvqq “ J

puq

θ

)

.

A depiction of this is shown in Figure 3. Further, for θ P rLdsn0 for n ą 1

Bθpu, vq :“ #
!

ℓ P rM sn1 : SℓpJ
pvqq “ J

puq

θ

)

.

Fact 4. For θ “ pθ1, . . . , θnq P rLdsn0 for n ą 1 we have

Bθpu, vq “ pBθ1 ¨ ¨ ¨Bθnqpu, vq.

The proof is presented in [17, Fact 1.2].

Remark 5. In this note the matrices defined simultaneously for a letter θ P rLds0 and for a word
θ P rLdsn0 will satisfy the property in Fact 4 that the matrix corresponding to a word θ “ θ1 . . . θn is
equal to the product of matrices corresponding to the individual letters θ1, . . . , θn. For this reason,
it is safe to think about Aθ for some general family of matrices tAθuθPrLds

˚
0

and the word θ as the
product Aθ1 ¨ ¨ ¨Aθn .

We will use these matrices extensively in this note.

3. Substitution random sets.

In this section we introduce a model to randomize the above-defined integer self-similar IFSs,
resulting in a random attractor. Given a general IFS S “ tSipxquMi“1, with M maps, one can define
a labelled Galton–Watson tree as a subset of a full M -ary tree (see Section B). The approximations
of this random tree are projected to Rd to form the approximations of the attractor as we explain
below.

In the construction we assign a subset ωi1...in Ă rM s1 to each node i1 . . . in of TM , indicating
which children survive, even if the parent itself is not retained. Survival is defined inductively: the
root survives, and a level-n node survives if its parent survives and the set assigned to the parent
indicates so.
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Figure 3. This figure is a continuation of Figure 2. This is a heuristic explanation
for the construction of the matrices and the meaning of the types. The image
shows an example type J puq, and J

puq

θ . Further in the example in the figure
S1pJ pv2qq “ S2pJ pv1qq “ J

puq

θ .

Fix an IFS S with #S “ M ě 2. Let Ω “ PprM s1q, the power set of rM s1. Let F “ PpPprM s1qq

denote the usual σ-algebra on the finite set PprM s1q. Next, fix a probability vector p “ pphqhPΩ,
that is, ph ě 0 and

ř

hPΩ ph “ 1. We define a probability measure P on Ω given for A P F by

PpAq “
ÿ

hPA

ph.

This is the base probability space pΩ,F ,Pq.
Next, we consider the M -ary tree TM and the product space

`

ΩTM , FTM , PTM
˘

“

˜

ź

iPTM

Ωi,
â

iPTM

Fi,
â

iPTM

Pi

¸

,

where pΩi,Fi,Piq are independent copies of the base space pΩ,F ,Pq. Let W : Ω Ñ t0, 1uM denote
the random variable

W pωq “ p1t1 P ωu,1t2 P ωu, . . . ,1tM P ωuq.

To each level-n node i1, . . . , in P TM we assign a copy of the vector random variable W ri1...ins
“

pW
ri1...ins

1 , . . . ,W
ri1...ins

M q, a copy of W . Since the probability space is a product space and all
random variables W ri1...ins depend only on the coordinate i “ i1 . . . in, the family of random
variables tW ri1...ins

uiPTM
is jointly independent. We define another random variable for i P TM ,

Qi “ W
rHs

i1
W

ri1s

i2
. . .W

ri1...in´1s

in
.

In this way, we can define the symbolic set of retained cylinders,

En :“ ti P rM sn1 : Qi “ 1u.

The n-th approximation of the random set and the attractor are given by

(9) Λn “
ď

iPEn

SipIq, Λ “
č

nPN
Λn.
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Furthermore, we use the notation:

E8 “ ti P rM sN1 : @n P N, i|n P Enu,

and in this case the substitution random set is

Λ “ πpE8q,

where π is the natural projection corresponding to the IFS S. The details are explained in Section
C. We will assume throughout the note that Ep#E1q ą 1. This guarantees that Λ ‰ H and E8 ‰ H

with positive probability. We call the event Λ ‰ H non-extinction.
In what follows we will also consider the random (labelled) tree corresponding to the random sets

En. Throughout this note we call this labelled Galton–Watson tree. Namely, let T be the random
subtree of TM whose vertices at depth n are exactly the elements of En.

3.1. A special case: the coin-tossing model. The coin-tossing model is a special case of the
substitution model. Consider again an IFS S with #S “ M . The distribution P on H “ PprM s1q

is the following:
ph :“ p#hp1 ´ pqM´#h, h P H.

We refer to this as the coin-tossing model, as the retention of the cylinders is determined via
independent coin tosses.

The examples appearing in this note mostly correspond to the coin-tossing model. One reason for
this is that the coin-tossing model already shows a colourful palette of behaviour. Another reason
is that the coin-tossing model is simpler to work with since the expectation matrices (which we
formally define in Section 4) for θ P rLds0 and θ P rLdsn0 can be written as

Mθ “ p ¨ Bθ, Mθ “ pnBθ.

Here, we recall that Bθpi, kq “ #
!

ℓ P rM s1 : SℓpJ
pkqq “ J

piq
θ

)

was defined in (8).
The random attractor in the coin-tossing case will usually be denoted by Λp to emphasize the

dependency on the probability parameter p.

4. Expectation matrices and the pressure function

The overlapping structure of the random set is encoded by matrices which count, in expectation,
how many cylinders of a given type a given L-adic cube contains. For θ P rLds0 we define the N ˆN
expectation matrix Mθ by

Mθpu, vq :“ E
”

#
!

ℓ P E1 : SℓpJ
pvqq “ J

puq

θ

)ı

“
ÿ

ℓPrMs1

SℓpJpvq
q“J

puq

θ

Ppℓ P E1q.

Clearly, Ppℓ P E1q “
ř

ℓPh ph. More generally, for θ P rLdsn0 we set

(10) Mθpu, vq :“ E
”

#
!

ℓ P En : SℓpJ
pvqq “ J

puq

θ

)ı

.

Fact 6. For θ “ pθ1, . . . , θnq P rLdsn0 the matrices satisfy Mθ “ Mθ1 ¨ ¨ ¨Mθn .

For the proof see [17, Fact 1.4]. Here and throughout, } ¨ } denotes the 1-norm of a matrix, that
is the sum of the absolute values of its entries.

Assumption 1 (Jointly primitive). The family M “ tMθuθPrLds0
of expectation matrices satisfies:



8 VILMA ORGOVÁNYI AND KÁROLY SIMON

(P1) for every θ P rLds0 the matrix Mθ is allowable, namely it contains a strictly positive entry
in every row and in every column;

(P2) there exist n P N and θ1, . . . , θn P rLds0 such that the product Mθ1 ¨ ¨ ¨Mθn is strictly
positive.

Definition 7 (Pressure function). Let M0, . . . ,MLd´1 be the expectation matrices of a substitution
random set. We assume that each of them is non-negative and are jointly primitive (see Assumption
1). Then the pressure function corresponding to M “ tM0, . . . ,MLd´1u is

(11) P ptq :“ lim
nÑ8

1

n
log

¨

˝

ÿ

θPrLdsn0

}Mθ}t

˛

‚.

The existence of the limit, the convexity and the smoothness of P are known in the literature
and are recalled in Section 7.

5. The main theorem

Theorem 8 (Main theorem). Let S be an integer self-similar IFS on Rd conjugate by a similarity
to an IFS of the form (3) for d “ 1 and (4) for d ą 1, with common contraction ratio 1{L and
#S “ M . Let Λ be the substitution random set corresponding to S and to an offspring distribution
p “ pphqhĂrMs1 , and let P be the associated pressure function. If Assumption 1 holds, then almost
surely conditioned on non-extinction

(12) dimHpΛq “ dimBpΛq “ dimPpΛq “ inf
tPr0,1s

P ptq

logpLq
.

Recall that non-extinction is the event Λ ‰ H. This happens with positive probability provided
that

ř

h ph#h “ Ep#E1q ą 1, which we always assume for the rest of the note.

Application 9 (Application to Example 1). We consider the coin-tossing randomization, the retention
probability is p. The right angle Sierpiński carpet as well as its projections are non-empty iff
p ą 1{3, and its dimension is almost surely log2p3pq (on non-extinction). Consider proj : R2 Ñ R,
projpx, yq :“ ´x ` y, the rescaled version of the 45-degree projection. Then the rescaled projected
IFS (see Figure 1) is S “

␣

Sipxq “ 1
2x ` i

(2

i“0
. In this case L “ N “ 2. The types are determined

by the basic cubes, J p1q :“ r0, 2s and J p2q :“ r2, 4s.
The corresponding matrices are:

B0 “

„

1 0
1 1

ȷ

, B1 “

„

1 1
0 1

ȷ

.

Its dimension theoretic properties are collected here:
‚ It follows from the work of Pollicott and Vytnova1, that for p ď 0.672 the Lebesgue measure

of the random attractor is almost surely 0, however for p ě 0.673 the Lebesgue measure is
positive almost surely conditioned on non-extinction. From this it follows that if p1 denotes
the critical probability so that for all p ě p1 dimH Λp “ 1, then 0.672 ď p1 ď 0.673.

‚ It follows from [1] together with Theorem 8 that there exists a parameter interval where
dimH Λp ă dimS Λp “ logp3pq{ logp2q ă 1. Here dimS stands for the expected similarity
dimension, see (14).

1This is based on personal communication.
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Application 10 (Application on Example 2). In this case N “ 4, and the corresponding matrices are:

B0 “

»

—

—

–

1 0 0 0
1 1 0 0
1 0 1 0
1 1 1 1

fi

ffi

ffi

fl

, B1 “

»

—

—

–

1 1 0 0
0 1 0 0
1 1 1 1
0 1 0 1

fi

ffi

ffi

fl

,

B2 “

»

—

—

–

1 0 1 0
1 1 1 1
0 0 1 0
0 0 1 1

fi

ffi

ffi

fl

, B3 “

»

—

—

–

1 1 1 1
0 1 0 1
0 0 1 1
0 0 0 1

fi

ffi

ffi

fl

.

Its dimension theoretic properties are as follows:
‚ When p ą 0.7712 then the set has positive two-dimensional Lebesgue measure almost surely

conditioned on non-extinction (this is discussed in [19]).

6. Dimension theory of random self-similar sets, interpretation of the formula

6.1. Historical overview. We begin this section with a brief historical overview of the dimension
theory of certain statistically self-similar sets.

When analyzing rational projections or slices of sponges, it is natural to subdivide the cylinders
into shapes and use matrices to track their evolution inside columns. For instance, Manning and
Simon [13] considered rational slices of the Sierpiński carpet. Slices of more general 2-dimensional
carpets appeared in [1]; the authors used different matrices to encode the evolution of shapes. In
this note we follow the general framework used by Ruiz (see [21]) to encode the growth of shapes.
In the random setting shapes appeared in [5, 16], when studying differences of random Cantor sets.

Our starting point is the dimension formula for boundaries of Galton–Watson trees, established by
Hawkes in 1981 [11]. His result can also be used to determine the dimension of certain statistically
self-similar sets obtained by projecting the Galton–Watson tree to the attractor of a self-similar IFS,
as described in Section 3. In order for this result to be applicable, the IFS has to be homogeneous
and has to satisfy a relatively strong separation condition. From the perspective of this note, the
most important family of IFSs that satisfy these is the one defining a d-dimensional carpet. Let Z
denote the offspring random variable of the Galton–Watson tree. Then for a random carpet with
contraction 1{L,

(13) dimH Λ “
logpErZsq

logpLq

almost surely conditioned on non-extinction. We note that the dimension formula follows from the
formula in more general constructions, such as the ones appearing in the work of Falconer [7] or of
Mauldin and Williams [15]. For an exposition, see [12, Chapter 15].

In [4, 8], the authors further permit the following: for the deterministic skeleton, two first level
cylinders are either identical or their interior is disjoint. These IFSs can be viewed as projections of
carpets onto coordinate subspaces. The dimension formula is already much more complicated in
these cases.

Consider a d-dimensional carpet with contraction ratio 1{L, and let proj denote the projection to
the k-dimensional subspace spanned by the first k coordinate vectors. The projected set is contained
in

ŤLk
´1

i“0 Di, where each Di is a closed L-adic cube in dimension k. The “expected column sums”
are given by mi :“ Ep#E i

1q, where E i
1 “ tj P E1 : projpSjpr0, 1sdqq “ Diu, for i P t0, . . . , Lk ´ 1u.
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For simplicity, we assume that k “ 1 and mi ą 0 for all i P rLs0. In this case, the formula for the
almost sure dimension is given by

dimHpprojpΛqq “ inf
tPr0,1s

logp
řL´1

i“0 mt
iq

logpLq
.

We assume that not all the mi are equal. In this case, the function ϕptq “
řL´1

i“0 mt
i is strictly

convex and continuous. It has a unique minimum somewhere in r´8,8s. If the minimum is attained
in r´8, 0s, the dimension is the ambient dimension (in this case 1). If it is attained in r1,8s, the
almost sure dimension is the dimension of the original set. Otherwise, the minimum is strictly less
than ϕp1q; hence the dimension drops.

It is clear now that the dimension formula (12) given in terms of the pressure function (see (11))
is the matrix analogue of (6.1). The pressure function is the matrix analogue of logp

řL´1
i“0 mt

iq. We
remark that the reason why we need to use matrix analogues is because of the more complicated
overlapping structure appearing in these cases of IFSs.

7. Preliminaries

For non-negative numbers x and y, we write x Àa,b y, x Áa,b y if there exists a constant C ą 0,
depending only on the parameters a, b, such that x ď C y, x ě C y respectively. We write x «a,b y
if both x Àa,b y and x Áa,b y hold. Let Z be the offspring random variable of the underlying
Galton–Watson tree. In what follows, the quantity

(14) dimSpΛq “
logpErZsq

logpLq

is called the expected similarity dimension or the similarity dimension of the random system.
Throughout this section, we use the metric dpi, iq “ 0 and dpi, jq “ L´|i^j| for i ‰ j on the symbolic
space ΣrLd

s0 . Here |i ^ j| is the length of the common prefix of i and j, i.e. the largest n ě 0 such
that ik “ jk for all k ď n. The relevant properties of the pressure function P ptq are collected by
Bárány and Rams in [1], and were originally proven by Feng in [9] and Feng and Lau in [10].

Lemma 11. The key properties for us are the following:
‚ The limit exists for all t.
‚ The pressure function is convex for all t.
‚ The pressure function is continuously differentiable for all t ą 0.

Remark 12. Note that in [1] the pressure function is normalized by dividing by the constant logpLq.
We omit this normalization.

Another important quantity is the Lyapunov exponent.

Definition 13. For an ergodic measure ν on ΣrLd
s0 the Lyapunov exponent of M with respect to ν

is
λνpMq :“ lim

nÑ8

1

n
log }Mθθθ|n} for ν-almost every θθθ P ΣrLd

s0 .

By (P1) the products Mθθθ|n are non-zero, and since } ¨ } is submultiplicative on non-negative matrices,
the limit exists and is ν-almost surely constant by Kingman’s subadditive ergodic theorem. When
the ergodic measure is the uniform measure, we simply write λ for the Lyapunov exponent.

Lemma 14 ([1, proof of Lemma 4.9]). The pressure satisfies limtÑ0` P 1ptq “ λ.
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Throughout this section, we will require the following key lemma which was originally proved in
[10] by Feng and Lau. The lemma appeared in a similar form in [1] without proof.

Lemma 15 ([1, Lemma 4.5]). For every t ą 0, there is a unique ergodic, left-shift-invariant Gibbs
measure µt on ΣrLd

s0 with the following properties: for any θθθ “ pθ1, θ2, . . . q P ΣrLd
s0 , n P N:

(15) µt prθθθ|nsq «t,S }Mθθθ|n}t expp´nP ptqq,

(16) dimH µt “
´tP 1ptq ` P ptq

logpLq
,

and

(17) λµtpMq “ P 1ptq.

Recall that λµt
pMq is as in Definition 13 the Lyapunov exponent with respect to the ergodic

measure µt.
Another important value (other than λ) is η :“ P 1p1q. From convexity and Lemma 14, it follows

that λ ď η, and therefore we have the following “Phases”:
(PH1) λ ą 0, (PH2) λ “ 0, η ą 0, (PH3) λ “ 0, η “ 0, (PH4) λ ă 0, η ą 0, (PH5) λ ă 0,
η “ 0, (PH6) λ ă 0, η ă 0.
We note that for Phase (PH1) the random attractor has positive Lebesgue measure, consequently,
its dimension equals the ambient dimension.

8. The measure of the random attractor

The proof for certain phases depend on the dimension of certain measures. For this reason we
cite our earlier theorem on the positivity of measures of the attractor.

Before we state the theorem we introduce an additional regularity condition, to treat the critical
case.

For n P N, θ P rLdsn0 and v P rN s1 let Y pθ, vq “ pY pθ, vqpwqqwPrNs1 be a vector-valued random
variable such that Y pθ, vqpwq has the same distribution as #ti P En : SipJ

pwqq “ J
pvq

θ u.

Condition 16. For a fixed ergodic measure ν on ΣrLd
s0 there exist n P N and θ P rLdsn0 such that

νprθsq ą 0 and for each v P rN s1

P
`

Y pθ, vq P t0, e1, . . . , eNu
˘

ă 1,

where ej denotes the j-th unit vector of RN .

Remark 17. Condition 16 is equivalent to a strong regularity property of multitype branching
processes in random environments introduced by Tanny in [22].

Remark 18. For coin-tossing systems, Condition 16 holds for the uniform measure. Indeed, by
Assumption 1 there exists a word θ such that Bθ is strictly positive, hence every row sum of Bθ is
at least N ě 2.

For u P rN s1 let Γu : r0, 1sd Ñ J puq, Γupxq “ Lpx ` buq, and let ΠL : Σ
rLd

s0 Ñ r0, 1sd be the
L-adic coding map, consistent with the indexing of the cubes J

puq

θ . For a measure ν on ΣrLd
s0 we

write

rν :“
N
ÿ

u“1

pΓu ˝ ΠLq˚ν.
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Recall that λ is the Lyapunov expoentn corresponding tot he matrices when ν is the uniform
measure on ΣrLd

s0 . In this case, equivalently,

λ “ lim
nÑ8

1

n

ÿ

θPrLdsn0

1

Ldn
logp}Mθ}q.

Theorem 19 ([19, Theorem 4.3]). Consider an ergodic measure ν on ΣrLd
s0 . Assume that M

satisfies (P1), and that (P2) holds with a word satisfying νprθ1 . . . θnsq ą 0. Then:
‚ If λνpMq ą 0, then PprνpΛq ą 0q ą 0. If moreover ν is the uniform measure or one of the

Gibbs measures µt of Lemma 15, then rνpΛq ą 0 almost surely conditioned on non-extinction.
‚ If λνpMq ă 0 then rνpΛq “ 0 almost surely.
‚ If λνpMq “ 0 and the vector random variables tY pθ, vqu corresponding to the random

attractor satisfy Condition 16 then rνpΛq “ 0 almost surely.

We remark that in [19, Theorem 4.3] the theorem is stated for d-dimensional coin-tossing systems
and this is stated in [17] for the more general substitution 1-dimensional sets, but it easily translates
to d-dimensional substitution sets, analogously to how it is explained in the Appendix of [19].

9. Meaning and implications of Theorem 8

9.1. Analysis of the formula in dimension 1. Generally, the formula given in Theorem 8
is hard to approximate. Here, we summarize what we know about this formula in the case of
the coin-tossing model. In what follows we describe the function p Ñ dimH Λp, where Λp is the
projected (1-dimensional) random attractor corresponding to the coin-tossing system. We give a brief
description and a sketch illustration in Figure 4. For coin-tossing systems we use the deterministic
matrices B0, . . . ,BL´1 from (8). Let pP denote the pressure function (11) of tB0, . . . ,BL´1u, and let

pλ :“ lim
tÑ0`

pP 1ptq, pη :“ pP 1p1q

(these exist by Lemma 11). Since Mθ “ pBθ, the pressure of the expectation matrices is P ptq “

pP ptq ` t log p, hence λ “ pλ ` log p and η “ pη ` log p, where λ and η are defined in Section 7. In
particular, λ ą 0 if and only if p ą e´pλ, and η ą 0 if and only if p ą e´pη. When the matrices are
numbers, pP ptq “ log

`
ř

i pm
t
i

˘

, where pmi is the number of cylinders in the i-th column.
In the case where λ ě 0, the infimum is attained at t “ 0. In this case, the dimension is

the ambient dimension. If η ď 0, the infimum is attained at t “ 1, hence the dimension is
P p1q{ logpLq “ log p

ř

hPH ph ¨ #hq { logpLq, which is the expected similarity dimension of the IFS.
Otherwise, the infimum is attained in the interior of r0, 1s hence the dimension strictly drops from
the expected similarity dimension.

For coin-tossing systems with probability parameter p as we increase p from 1{M to 1 the system
goes through the upper mentioned three phases.

‚ when the matrices are numbers: this is the case when one projects a sponge to the coordinate
axis, which was described in the previous subsection. In this case the formula is provided by
[4, 8]. Unless all pmi agree, the function p ÞÑ dimH Λp is concave and continuous on p1{M, 1s,
and real-analytic on each of the intervals p1{M, e´pηq, pe´pη, e´pλq and pe´pλ, 1s. A depiction
of the case when not all pmi are equal can be seen in the first subfigure of Figure 4.

‚ strictly inhomogeneous case: When the reciprocal of the contraction ratio (L) does not divide
the number of maps (M), and the deterministic projection is an interval e.g. 45-degree
projection of the random Sierpiński carpet. In this case the middle, pe´pη, e´pλq is a proper
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Figure 4. The sketch of the dimension function in case of when the matrices
are numbers, in the strictly inhomogeneous case, and in the homogeneous case
respectively.

interval. The function is concave, continuous. Generally it is not known whether it is
differentiable in the middle (e´pη ď p ď e´pλ) interval. We remark that the middle interval
may be a single point if the set is spacially homogeneous, if reciprocal of the contraction
ratio (L) does divide the number of maps (M), for example in the case of the Mandelbrot
percolation.

‚ The homogeneous case: when every column sum of every Bθ equals the same constant K,
so that M “ K ¨ L. This happens for example for any rational projection of Mandelbrot
percolation (only for rational directions do we have the matrices). In this case the formula
is as follows: for p ď L{M it is logpMpq{ logpLq, and for p ą L{M the value is one. The
function is concave, continuous, non-differentiable at L{M , analytic otherwise.

For coin-tossing systems, λ “ 0 implies that the Lebesgue measure is zero. This is made precise
in the following lemma. In fact, it is known that this can only happen for a single value of the
parameter p. This is because for coin-tossing systems the Lyapunov exponent is λ “ log p ` pλ,
(recall that pλ is the Lyapunov exponent corresponding to the deterministic system), which is strictly
increasing in p.

Lemma 20. If the Lebesgue measure of the random attractor is almost surely zero, then λ ď 0.
If λ ă 0, the dimension is strictly smaller than the ambient dimension. For coin-tossing systems,
LebpΛq “ 0 holds if and only if λ ď 0.

Proof. The first part follows from Theorem 19 with ν being the uniform measure, in this case rν is
the constant multiple of the Lebesgue measure. For the second part, if λ ă 0, the infimum of P ptq
cannot be attained at t “ 0 since limtÑ0` P 1ptq “ λ ă 0 (by Lemma 14). Therefore, the infimum is
attained at some t P p0, 1s, which implies that the dimension is strictly smaller than the ambient
dimension.

The final assertion concerning coin-tossing systems follows from Remark 18 combined with
Theorem 19. □

10. Proof of Theorem 8

We start this section with two preliminary statements, which we will use in the proofs.

Lemma 21 ([24, Theorem 3.5]). dimHpΛq “ dimBpΛq “ dimPpΛq almost surely.
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Lemma 21 was proven by Sascha Troscheit for more general (graph-directed) systems.

Lemma 22. dimHpΛq is constant almost surely conditioned on non-extinction.

Proof. This follows from the fact that having zero s-dimensional Hausdorff measure for any s is an
inherited property (see Section E, in particular Lemma 37). □

We prove the upper and lower bounds separately. The proof has the same structure and follows
similar ideas as can be found in [4, 8]. The proof of the upper bound is essentially a combination of
the proofs for similar statements in those two papers, with minor modifications to fit the matrix
setting. We note that the proof in similar form appeared in [18], for the convenience of the reader
we repeat the argument.

In [4, 8], three possible cases are identified for the proof of the lower bound. (These cases
correspond to the phases defined at the end of Section 7 but we end up having 4 cases.)

We will follow the structure of the proofs appearing in [4, 8]. Similarly to those we consider
analogous cases, however in the matrix setting we must deviate from the original proofs, because
generally the matrix norm we are using is not multiplicative.

10.1. Proof of the upper bound. For the upper bound, we count the number of level-n L-adic
cubes required to cover the retained level-n cylinders.

Let Y “ pY0, Y1, . . . q be a sequence of random variables counting the level-n L-adic cubes
intersecting Λn, which is the n-th level approximation of the random set. Namely,

Y0 :“ 1, Yn :“ #tua P rN s1 ˆ rLdsn0 : J puq
a X Λn ‰ Hu.

With this notation,

(18) dimBpΛq ď lim sup
nÑ8

logpYnq

n logpLq
.

The proof has two main structural parts:

(19) lim sup
nÑ8

logpYnq

n
ď sup

n

logpErYnsq

n
“ lim

nÑ8

logpErYnsq

n
,

where the inequality holds almost surely, and

(20) lim
nÑ8

logpErYnsq

n
ď inf

tPr0,1s
P ptq.

We will see that the equality of (19) is a consequence of Fekete’s superadditive lemma. The
inequality of (19) will follow using Markov’s inequality and the Borel–Cantelli Lemma.

10.1.1. Proof of equation (19). Let us recall Fekete’s lemma on the limit of a superadditive sequence.

Lemma 23 (Fekete’s lemma). If pbnq8
n“1 is a superadditive sequence (i.e. bn`m ě bn ` bm for all

n,m P N), then

(21) lim
nÑ8

bn
n

exists, and lim
nÑ8

bn
n

“ sup
n

bn
n
.

Taking logarithms and applying Fekete’s lemma to the sequence bn “ log panq ´ logpkq, we obtain
the following corollary.
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Corollary 24. Consider a strictly positive sequence panq8
n“1. Assume that there exists a k such

that for all n and m, an`m ě an¨am

k . Then the limit lim
nÑ8

1
n logpanq exists and lim

nÑ8

1
n logpanq “

supn
1
n logpanq.

Definition 25 (Quasi-supermultiplicative sequence). If panq8
n“1 is a sequence as in Corollary 24,

then we call panq8
n“1 quasi-supermultiplicative.

Since we conditioned on non-extinction of #En, Yn ą 0 almost surely, and EpYnq ą 0 for each n.

Lemma 26. There exists a γ such that

lim
nÑ8

1

n
logpErYnsq “: γ and γ “ sup

n

1

n
logpErYnsq.

Proof. In light of Corollary 24, it suffices to prove that the sequence EpYnq is quasi-supermultiplicative:
namely that for every n,m ą 0

EpYn`mq ÁS,d EpYnqEpYmq.

Assume that we are at level n. The n-th approximation of the set intersects Yn L-adic cubes;
denote them by K1, . . . ,KYn . Recall that En is the index set of retained level-n maps, and in general
Yn ‰ #En. Each SipIq is a cube of side sn «S L´pn´1q aligned with Dn´1. At most constant number
of cubes K1, . . . ,KYn

are within distance sn of SipIq. This constant only depends on the IFS S and
the dimension d. We choose a subset pEn Ă En. We go through the index set t1, . . . , Ynu removing
elements in each step starting with 1 and for the elements of this index set we add elements of En.
For the first remaining index j we pick i P En with K1 X SipIq ‰ H, add i to pEn, and remove the
indices k for all cubes Kk ‰ Kj within distance sn of SipIq. We repeat this with the remaining
indices. All cylinder meeting a cube that we didn’t discard is disjoint from our cylinder SipIq, and
each step removes only at most constant number of cubes. We continue selecting the maps for the
subset of the index set t1, . . . , Ynu for those j which we didn’t remove. Therefore, the cylinders
SipIq, i P pEn, are pairwise disjoint and #pEn ÁS,d Yn. Stepping forward to level n ` m, for each
i P pEn, we obtain jointly independent processes tY

i
kukPN (see Section D). Each Y

i
k has the same

distribution as the original process tYkuk. Since pEn contains disjoint level-n cylinders, for any m ě 0

Yn`m

d
ě

ÿ

iP pEn

Y i
m,

where Y i
m are random variables that are independent of each other and of Yn and distributed

according to Ym. Since #pEn ÁS,d Yn

EpYn`mq ě Ep#pEnqEpYmq ÁS,d EpYnqEpYmq.

This finishes the proof of the quasi-supermultiplicativity of the sequence EpYnq. □

Lemma 27. Almost surely, conditioned on non-extinction

lim sup
nÑ8

1

n
logpYnq ď γ.

The proof of Lemma 27 is the first part of the argument of [4, Theorem 1]; we include it for
completeness.
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Proof. From γ “ supn
1
n logpErYnsq, it follows that logpErYnsq ď nγ for all n. Let ε ą 0. By

Markov’s inequality, PplogpYnq ě npγ ` εqq ď
EpYnq

enpγ`εq ď e´nε. Since e´nε is summable for any ε ą 0,
it follows from the Borel–Cantelli lemma that

P
ˆ

lim sup
nÑ8

1

n
logpYnq ď γ

˙

“ 1

as claimed. □

10.1.2. Second part: Equation (20). We now turn to the part where we only consider the expectation
EpYnq. The proof in this section essentially follows from [8], with minor adaptations to the matrix
setting.

Lemma 28. The following holds:

lim sup
n

logpErYnsq

n
ď inf

tPp0,1q
P ptq “ inf

tPr0,1s
P ptq.

Proof. The final equality follows by continuity of P ptq. It remains to prove the first inequality. We
will prove that for all ε ą 0 there exists an N0 such that for all n ą N0,

(22)
logpErYnsq

n
ď inf

tPp0,1q
P ptq ` ε.

From (22), the assertion follows.
For a fixed n P N, θ P rLdsn0 and u P rN s1 we consider the random variables

(23) Zpuq
n pθqpvq “ #ti P En : SipJ

pvqq “ J
puq

θ u.

It denotes the number of type-v cubes contained in the L´n cube coded by θ inside the basic
cube J puq. Fix 0 ă t ă 1 Then fpxq “ xt is a concave function. Then the generalized Markov’s
inequality (with the function fpxq), Jensen’s inequality, and finally the concavity of fpxq yield

EpYnq “ E
´

N
ÿ

u“1

ÿ

θPrLdsn0

11
N
ÿ

v“1

Zpuq
n pθqpvq ě 1

¯

ď
ÿ

θPrLdsn0

N
ÿ

u,v“1

PpZpuq
n pθqpvq ě 1q

ď
ÿ

θPrLdsn0

N
ÿ

u,v“1

EpZpuq
n pθqpvqtq ď

ÿ

θPrLdsn0

N
ÿ

u,v“1

EpZpuq
n pθqpvqqt

“
ÿ

θPrLdsn0

N
ÿ

u,v“1

Mθpu, vqt ď
N2

N2t

ÿ

θPrLdsn0

}Mθ}t.

This completes the proof. □

10.2. Proof of the lower bound. We now proceed with the lower bound: namely, under the joint
primitivity condition we have

dimHpΛq ě inf
tPr0,1s

P ptq

logpLq
.

We consider four separate cases: when λ ą 0 and when λ ď 0 and η ą 0, η “ 0, and η ă 0. The
proof differs in each of these cases.

Phase (PH1): λ ą 0. When the system is in Phase (PH1), the infimum of the pressure function
P ptq in the interval r0, 1s is attained at 0. Since P p0q “ logpLdq, the value of the formula at t “ 0 is
d. To verify the statement we need to show that the almost sure dimension of the random attractor
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is d. This is the case, because by the definition of Phase (PH1), the Lyapunov exponent λ is positive.
By Theorem 19, this implies that the Lebesgue measure of the random attractor is positive (almost
surely conditioned on non-extinction), so the assertion holds. We remark that Theorem 19 is about
a measure which is a positive multiple of Lebesgue measure, however this implies the positivity of
the Lebesgue measure as well.

Phase (PH2), (PH4): λ ď 0 and importantly η ą 0. In this situation, the infimum of P ptq is
attained in the interior of r0, 1s. By continuity of P 1ptq (see Lemma 11), for each ε ą 0 we can choose
t˚ P p0, 1q such that 0 ă P 1pt˚q ă ε. For this choice of t˚, there exists a unique Gibbs measure µt˚

as in Lemma 15. The Lyapunov exponent λpµt˚ q corresponding to this ergodic measure is strictly
positive by Lemma 15 (17) since we chose t˚ such that 0 ă P 1pt˚q. Hence, using the statement and
notation from Theorem 19, rµt˚ pΛq ą 0 almost surely conditioned on non-extinction.

Recall that rµt˚ is the sum of the measures projected to the basic cubes J piq, i “ 1, . . . , N by
the L-adic coding maps, and therefore the Hausdorff dimension of the measure is unchanged upon
projection. It follows that

dimHpΛq ě dimHprµt˚ q ědimHpµt˚ q ě
´t˚P 1pt˚q ` P pt˚q

logpLq

ě
´t˚ε ` P pt˚q

logpLq
ě

´ε ` P pt˚q

logpLq
ě ´

ε

logpLq
` inf

tPr0,1s

P ptq

logpLq
.

Letting ε Ñ 0 completes the proof in Phases (PH2) and (PH4).
Phase (PH3) and (PH5): η “ 0 and λ ď 0. The main technique is to perturb the model,

which modifies its phase to (PH6). The proof for Phase (PH6) is quite intricate, hence it is deferred
to Section 10.2.1. We perturb the probability vector pphqhĂrMs1 and denote it by rp “ prphq

hPĂH
.

If pH ą 0, then rH “ H; otherwise rH “ H Y tHu. The original system does not die out if
ř

hPH ph#h ą 1, so we may choose ε such that p1 ´ εq
ř

hPH ph#h ą 1.
We perturb the probability vector in the following way: for h P rHztHu: rph “ php1 ´ εq and

rpH “ ε`pHp1´ εq. In this way rp is a probability vector and the expectation matrices corresponding
to this distribution satisfy }ĂMθ} “ p1 ´ εqn}Mθ}, for all θ P rLdsn0 . Hence, the corresponding
pressure is rP ptq “ P ptq ` t logp1 ´ εq.

Hence its derivative satisfies
rP 1ptq “ P 1ptq ` logp1 ´ εq,

which implies that the perturbed model is in Phase (PH6). Then the infimum over the interval r0, 1s

is attained at 1, where rP p1q “ P p1q ` logp1 ´ εq.
We can define a simple coupling between the probability space of the perturbed process and

the original as follows. First, define the random variable U which is uniform on r0, 1q. We fix an
ordering on H “ th1, . . . , hℓu. Define the intervals Ihj

“ r
ř

iăj phi
,
ř

iăj phi
` phj

q. There is exactly
one j such that U P Ihj

. Let Xo and Xp be random variables, defined as functions of U . For U P Ihj

we set Xo “ hj . For the perturbed variable we set Xp “ hj if
U´

ř

iăj phi

phj
ď 1 ´ ε and otherwise

Xp “ H. In this way Xo and Xp are the coupled versions of p and rp, respectively. This is depicted
in Figure 5.

We construct the labelled Galton–Watson trees To and Tp with offspring distribution given
by Xo and Xp, respectively. Note that with positive probability the perturbed tree Tp sur-
vives since

ř

hPH rph#h ą 1. Clearly Tppωq Ď Topωq for all ω, and therefore dimHpπpBTppωqqq ď

dimHpπpBTopωqqq for all realizations.
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Figure 5. Depiction of the coupling between the original and the perturbed
distribution. The value of Xo depends only on which interval U is in, this is shown
in the interval denoted by “O”. The value of Xp further depends on whether U is in
an orange interval on the part denoted by “P”, in which case its value is H.

In this way, assuming that the dimension formula is proved for Phase (PH6), it follows that

dimHpπpBTppωqqq “ inf
tPr0,1s

rP ptq

logpLq
“ inf

tPr0,1s

P ptq ` t logp1 ´ εq

logpLq

ě inf
tPr0,1s

P ptq ` logp1 ´ εq

logpLq
.

Letting ε Ñ 0 completes the proof in Phases (PH3) and (PH5).

10.2.1. Proof of the lower bound, when the model is in Phase (PH6). We start by sketching the
steps of the proof.

The fundamental idea hidden behind the technical proof is standard: finding a subset with the
same dimension as the original set, but with zero-dimensional slices ensures that the projection does
not decrease the dimension.

First, we subdivide the level-n L-adic cubes intersecting the level-n approximation into “light”
and “heavy” parts. The light parts are the level-n L-adic cubes which in expectation do not intersect
many cylinders. Lemma 29 states that the expected number of cylinders intersecting the light part
grows at the same exponential rate as the expected number of all cylinders. Using a large deviation
theorem, we show that each of the level-n L-adic cubes in the light part is actually light, i.e. does
not intersect an exponential number of cylinders (see Lemma 35). Combining the fact that the
number of retained cylinders intersecting the light part grows at the same exponential rate as the
total number of cylinders with the observation that each individual cube in the light part intersects
only a small number of cylinders, we obtain the desired assertion.

The approach is inspired by [20] where, as an auxiliary lemma, the authors prove in the setting
of homogeneous Mandelbrot percolation that if the similarity dimension is less than one, then along
all slices the number of cylinders intersecting the slices grows at most at a polynomial rate. The
idea of looking at a subprocess to calculate the dimension is inspired by [3].

Since in Phase (PH6) P 1p1q ă 0, the infimum of P ptq on the interval r0, 1s is attained at t “ 1.
Also note that P p1q “ log

´

ř

hĂrMs1
ph ¨ #h

¯

. We will use the following notational shorthands.

s0 :“
ÿ

hPH

ph ¨ #h ą 1, and s :“
logps0q

logpLq
.
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We will prove that for all ε ą 0

(24) dimHpΛq ě
logps0q

logpLq
´ ε.

We begin by defining the light (small) parts of rLdsn0 :

Sn :“ tθ P rLdsn0 : }Mθ} ă 1u.

The n-th approximation of the pressure function is

Pnptq :“
1

n
logp

ÿ

θPrLdsn0

}Mθ}tq.

Lemma 29. There exist δ0 P p0, 1q and N0 such that for all n ě N0,
1

N

ÿ

θPSn

}Mθ} ě sn0 p1 ´ δn0 {Nq.

Proof. In this proof we use the notation

(25) Bn :“ rLdsn0 zSn “ tθ P rLdsn0 : }Mθ} ě 1u

We begin with three preliminary observations:
(1) There exist t ą 1, ξ ą 0, and N0 such that P p1q ´ ξ ą Pnptq for all n ě N0.
(2) P p1q “ logp

ř

hĂrMs ph ¨ #hq ` limnÑ8
logpNq

n “ logps0q.
(3)

ř

θPBn
}Mθ} ă ps0e

´ξqn for all n ě N0.
The first part follows from a simple calculation using that η “ P 1p1q ă 0. The second part follows
from the definition of Mθpu, vq. Namely,

ř

θPrLdsn0
}Mθ} is simply N times the expected number of

retained cylinders at level n. From this the expression for P p1q follows. For the third part, observe
that for every n ě N0:

1

n
log

¨

˝

ÿ

θPBn

}Mθ}

˛

‚ď
1

n
logp

ÿ

θPBn

}Mθ}tq ď Pnptq ă P p1q ´ ξ.

The first inequality follows from the definition of Bn, namely that }Mθ} ě 1 for all θ P Bn. The
second follows from Bn Ă rLdsn0 and the third from the first observation. Therefore, by the second
observation

ÿ

θPBn

}Mθ} ă
`

s0 ¨ e´ξ
˘n

,

for all n ě N0.
For ξ satisfying the assumptions in observation 1 we fix δ0 :“ e´ξ P p0, 1q. It follows that

1

N

ÿ

θPSn

}Mθ} “
1

N

¨

˝

ÿ

θPrLdsn0

}Mθ} ´
ÿ

θPBn

}Mθ}

˛

‚ě sn0 p1 ´ δn0 {Nq .

□

Definition 30 (Modified trees). (1) Fix a (deterministic) set D Ă rM s1. We consider the
restricted subtree TD of the random tree T . For each ω P Ω and realization T pωq let TDpωq

be the subtree with root H and vertices from D˚. Namely, for all n P N and i P En, i P pTDqn

if and only if i P Dn. The edge set is unchanged between retained vertices.
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(2) The K-step tree T pKq is constructed by sampling the original tree T at cubes of level nK.
The n-th level of this tree, denoted by T pKq

n , is given by:

(26) T pKq
n :“ TnK .

The edge set is given by

(27) EpKq “ tpi, ijq : i P T pKq
n , ij P T pKq

n`1 u.

We can restrict the distribution p to deterministic subsets in the following way: fix D Ă rM s1,
and we define p

D
“ prphqhĂrMs1 where

(28) rph “
ÿ

kĂrMs1

pk11tkXD“hupkq.

For a distribution p, let eppq “
ř

hĂrMs1
ph#h.

Lemma 31 (Basic facts about labelled Galton–Watson trees). Assume T is a labelled Galton–Watson
tree with offspring distribution p “ pphqhĂrMs1 . Then the following hold:

(1) Fix a deterministic set D Ă rM s1. The restricted tree TD is a labelled Galton–Watson tree
with offspring distribution p

D
“ prphqhĂrMs1 , defined in (28). The boundary of this tree is

non-empty with positive probability if and only if epp
D

q ą 1 or there is exactly one child at
each level.

(2) For a fixed K P N, the K-step tree T pKq is also a branching tree with offspring distribution
equal to the law of EK on rM sK1 . The boundary is non-empty with positive probability if and
only if the boundary of the original tree is non-empty with positive probability.

(3) Assume that T is equipped with the metric dpi, jq “ ρ|i^j| for some ρ P p0, 1q. The Hausdorff
dimension of its boundary BT equals ´ logpeppqq{ logpρq almost surely conditioned on non-
extinction.

Proof. The first two statements follow simply from the analogous properties of the original tree. For
the proof of the third statement see [11]. □

For the rest of the proof, we fix K such that
‚ K ą N0,
‚ logpsK0 p1 ´ δK0 qq{pK logpLqq ě s ´ ε{3, and
‚ sK0 p1 ´ δK0 q ą 1 (which is possible, since s0 ą 1).

By Fact 3, for each i P rM sK1 and each v P rN s1 there exist unique u P rN s1 and θ P rLdsK0 such
that SipJ

pvqq “ J
puq

θ ; we denote this θ by θpv, iq. We consider the set DK Ă rM sK1 defined as

DK “ ti P rM sK1 : @v P rN s1 Dθ P SK , u P rN s1 s.t. SipJ
pvqq “ J

puq

θ u

“ ti P rM sK1 : @v P rN s1 θpv, iq P SKu.

This set contains those K-compositions of the functions of the IFS such that the fibers, in expectation,
intersect only a small number of cylinders.

With the notation of Definition 30 we consider the tree
rT “ pT pKqqDK

.

Let rEn denote the level-n nodes of the tree rT . Further, on the boundary B rT , we define the metric
dpi, jq “ L´K|i^j|, where |i ^ j| is the length of the longest common prefix of i ‰ j, and dpi, iq “ 0.
We collect the properties of rT in the following corollary of Lemma 31.
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Corollary 32 (Properties of rT ). The tree rT is a labelled Galton–Watson tree, satisfying the following
properties.

(1) Let ppKq “ pp
pKq
g qgĂrMsK1

be the distribution of EK . The offspring distribution of rT is
rp “ prphqhĂrMsK1

(29) rph “
ÿ

gĂrMs
K
1

gXDK“h

ppKq
g

on the set PprM sK1 q, and
(2) eprpq ě sK0 p1 ´ δK0 q, hence
(3) with positive probability B rT ‰ H and
(4) with respect to the metric d, dimHpB rT q ě s´ε{3 almost surely conditioned on non-extinction.

Proof. The proof follows from Lemma 31, considering that

eprpq “
ÿ

hĂrMsK1

#hrph “
ÿ

hĂDK

#h
ÿ

gĂrMsK1

PpEK “ gq11tDK X g “ hu

“
ÿ

hĂDK

ÿ

iPrMsK1

ÿ

gĂrMsK1

PpEK “ gq11ti P h,DK X g “ hu “
ÿ

hĂDK

ÿ

iPh

Ppi P EKq

“
ÿ

iPrMsK1

11t@v P rN s1 : θpv, iq P SKu ¨ Ppi P EKq ě
ÿ

iPrMsK1

p1 ´ Nq ¨ Ppi P EKq `
ÿ

θPSK

}Mθ}

ě sK0 p1 ´ δK0 q.

Now we explain the last two inequalities.
The first inequality follows from applying the union bound for the complement.

11t@v P rN s1 : θpv, iq P SKu ě 1 ´
ÿ

vPrNs1

11tθpv, iq R SKu

“1 ´ pN ´
ÿ

v

11tθpv, iq P SKuq.

For the last inequality we use
ř

iPrMsK1
Ppi P EKq “ Ep#EKq “ sK0 and Lemma 29 with n “ K

(recall that K ą N0):

p1 ´ Nq sK0 `
ÿ

θPSK

}Mθ} ě p1 ´ Nq sK0 ` NsK0

ˆ

1 ´
δK0
N

˙

“ sK0
`

1 ´ δK0
˘

.

□

Recall that for θ P rLdsn0 and u, v P t1, . . . , Nu, Zpuq
n pθqpvq “ #ti P En : SipJ

pvqq “ J
puq

θ u. They

form the vectors Zpuq
n pθq “ pZ

puq
n pθqpvqqvPrNs1 . For β “ pθ1, . . . , θnq, θi P rLdsK0 we define rZ

puq

n pβq

corresponding to rEn analogously. We remark that for β P Sn
K the vector random variables Z

puq

nKpβq

upper bounds rZ
puq

n pβq. In what follows, we fix a realization ω P Ω. Before the final proof we present
two auxiliary lemmas, Lemma 33 and 34. The proof of these is deferred to the end of the section.

Lemma 33. Assume that for δ ą 0, c ą 0 and N0 P N, for every m ą N0, for all β P Sm
K and

u, v P rN s1
rZpuq
m pβqpvqpωq ď c ¨ Lmδ.
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Then
dimHpB rT pωqq ď dimHpπpB rT pωqqq ` 2δ,

where π is the natural projection corresponding to the deterministic IFS S.

Lemma 34. Fix δ ą 0. There exists an event Ωδ with PpΩδq ą 0, such that for ω P Ωδ:
(1) B rT pωq ‰ H.
(2) There exist constants Cpωq ą 0, and pN0pωq such that for m ą pN0 for every β P Sm

K and
every u, v P rN s1,

(30) rZpuq
m pβqpvqpωq ď C ¨ Lmδ.

The lower bound in (24) now follows by combining the previous lemmas. Recall that π : ΣrMs1 Ñ

Rd is the natural projection corresponding to the IFS S. From rT pωq Ă T pωq, it follows that for any
ω P Ω,

(31) dimHpπpB rT pωqqq ď dimHpπpBT pωqqq.

Choose δ “ ε{3. Combining Lemma 34 and Lemma 33 gives that there exists Ωδ, with PpΩδq ą 0,
such that for all ω P Ωδ,

dimHpB rT pωqq ď dimHpπpB rT pωqqq ` 2ε{3.

From Corollary 32,
dimHpB rT pωqq ě s ´ ε{3.

Combining these with Lemma 22 gives the desired result regarding the dimension formula in
Phase (PH6). This concludes the proof of the lower bound since by Lemma 22 the Hausdorff
dimension of Λ “ πpBT q is constant almost surely conditioned on non-extinction.

Proofs of Lemmas 33-34

Proof of Lemma 33. Let t :“ dimHpπpB rT pωqqq. Since Ht`δpπpB rT pωqqq “ 0, for every m ą N0 there
is a cover tIiuiPI of πpB rT pωqq with Ii P DKℓpIiq´1, ℓpIiq ě m for all i P I, and

ÿ

iPI
|Ii|

t`δ ă 1.

We pull this cover back to the symbolic space. For such a cube I, let

gpIq “ tj P rEℓpIq : Du P rN s1, SjpJ puqq X I ‰ Hu.

Then
Ť

iPI
Ť

kPgpIiqrks covers B rT pωq, and each rks has diameter L´KℓpIiq ď L´Km. For j P rEℓpIq,

each SjpJ puqq is a cube J
pu1

q

β P DKℓpIq´1 with β P S
ℓpIq

K , and at most 3d cubes of DKℓpIq´1 meet I.
Hence, by the assumption of the lemma,

#gpIq Àd,N,c L
KℓpIqδ.

Using L´KℓpIq ď |I|, the cost of this cover is
ÿ

iPI

ÿ

kPgpIiq

|rks|t`2δ “
ÿ

iPI
#gpIiqL

´KℓpIiqpt`2δq Àd,N,c

ÿ

iPI
LKℓpIiqδ L´KℓpIiqpt`2δq

“
ÿ

iPI
L´KℓpIiqpt`δq ď

ÿ

iPI
|Ii|

t`δ ă 1.

Since m was arbitrary, Ht`2δpB rT pωqq ă 8, hence dimHpB rT pωqq ď t ` 2δ. □
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For the proof of Lemma 34 we need an auxiliary lemma. The statement of the lemma relies on a
certain comparison function.

For the fixed parameters rδ ą 0 and α ą 0 we define a comparison function. Its arguments are
D P N, n P N, θ P rLdsK0 , and u, v P rN s1, and it is given by

ϕpD,n, θ, u, vq :“

$

&

%

D ¨ Mθpu, vq p1 ` αq, D ě Lpn´1qrδ,

D ¨ MK , D ă Lpn´1qrδ.

Recall that Mθpu, vq is the expected number of maps sending J pvq to J
puq

θ . The number of functions
is M , and MK is a fixed uniform upper bound for the number of K-compositions. Hence, to
summarize, the function ϕ defines the threshold for typical growth: for large populations, we bound
the count by the expectation (with a small error margin), while for small populations, we fall back
on the worst-case deterministic bound D ¨ MK .

We will consider the bad event:

Fn :“
!

Dβ “ pβ1, . . . , βnq P Sn
K , Du, v P rN s1 :

Z
puq

nKpβqpvq ą
ÿ

wPrNs1

ϕ
`

Z
puq

pn´1qKpβ|n´1qpwq, n, βn, w, v
˘

)

.

In what follows, when the arguments of Z are clear from the context we will omit them.

Lemma 35. For rδ ą 0 and α ą 0 there exists ϱ P p0, 1q such that for n P N:

PpFnq ď pLdKqnN3ϱL
pn´1qrδ

.

Proof of Lemma 35. By the union bound,

PpFnq ď
ÿ

βPSn
K

ÿ

u,vPrNs1

P
´

Z
puq

nKpβqpvq ą
ÿ

w

ϕp¨q

¯

.

Fix β P Sn
K and u, v P rN s1. We can write Z

puq

nKpβqpvq as a sum of independent contributions
coming from members of generation pn ´ 1qK:

Z
puq

nKpβqpvq
d
“

ÿ

wPrNs1

Dw
ÿ

j“1

Yjpβn, w, vq,

where Dw :“ Z
puq

pn´1qKpβqpwq and for fixed βn, w, v the random variables Yjpβn, w, vq are i.i.d. with

the same distribution as Z
pwq

K pβnqpvq (hence with mean Mβn
pw, vq). Here we use the offspring

independence and identical distribution assumption at each parent (see Section D). In what follows,
we write ZnKpβqpvq “ Z

puq

nKpβqpvq, since the dependence on u will not have any effect. In this way

P
´

ZnKpβqpvq ą
ÿ

w

ϕp¨q

¯

“ P
´

ÿ

wPrNs1

Dw
ÿ

j“1

Yjpβn, w, vq ą
ÿ

w

ϕp¨q

¯

ď
ÿ

wPrNs1

P
´

Dw
ÿ

j“1

Yjpβn, w, vq ą ϕp¨q

¯

.
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For a fixed w we use the law of total probability to consider the two separate cases when Dw is big
and when it is small, namely:

P
´

Dw
ÿ

j“1

Yjpβn, w, vq ą ϕp¨q

¯

“ P
´

Dw
ÿ

j“1

Yjpβn, w, vq ą ϕp¨q|Dw ă Lpn´1qrδ
¯

PpDw ă Lpn´1qrδq

`P
´

Dw
ÿ

j“1

Yjpβn, w, vq ą ϕp¨q|Dw ě Lpn´1qrδ
¯

PpDw ě Lpn´1qrδq.

The first part is simply 0, because the number of maps is M , hence in K levels the number of
children can not grow faster than MK . For the second part we use large deviation theory (see
Lemma 38) for the independent sum. This gives:

P
´

Dw
ÿ

j“1

Yjpβn, w, vq ą ϕp¨q|Dw ě Lpn´1qrδ
¯

PpDw ě Lpn´1qrδq ă ϱL
pn´1qrδ

for some ϱ P p0, 1q (depending only on the chosen α and the offspring law). Because for a fixed α
the possible offspring distributions run over only a finite set, we may take a uniform ϱ P p0, 1q with
the property above for all triples pw, v, β

n
q.

Adding up everything indeed gives the desired result. □

Proof of Lemma 34. Fix some 0 ă rδ ă δ. Let m “ maxθPSK
}Mθ}. Since θ P SK the matrices Mθ

have norm less than one, we can choose α small enough such that p1 ` αqm ă 1. We use Lemma 35
for α and rδ. This implies that

ÿ

n

PpFnq ď N3
ÿ

n

pLdKqnϱL
pn´1qrδ

ă 8.

Hence, by the Borel–Cantelli lemma Pp
Ş

n

Ť

kěn Fkq “ 0.
In particular, there exists a subset ΩBC Ă Ω with PpΩBCq “ 1, such that for all ω P ΩBC , there

exists an pN1 :“ pN1pωq such that for all n ě pN1, for all β “ pβ1, . . . , βnq P Sn
K , and u, v P rN s1:

Z
puq

nKpβqpvqpωq ď
ÿ

wPrNs1

ϕpZ
puq

pn´1qKpβ|n´1qpwqpωq, n, βn, w, vq.

We choose pN0 such that pN0 ě pN1, and further, for n ě pN0 we have Lpn´1qprδ´δq ă Lδ ´ mp1 ` αq.
We choose Cpωq “ N ¨ M

xN0pωq¨K . In this way, for all β P S
xN0

K and types u, v P rN s1

Z
puq

xN0¨K
pβqpvqpωq ă CL

xN0¨δ.
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Now we prove that the analogous statement (30) holds for all n. From the choice of our variables,
induction on n shows that for n ą pN0 and β “ pβ1, . . . , βnq P Sn

K

Z
puq

nKpβqpvq ă
ÿ

wPrNs1

ϕ
`

Z
puq

pn´1qKpβ|n´1qpwq, n, βn, w, v
˘

ď N ¨ MKLpn´1qrδ `
ÿ

wPrNs1

Mβnpw, vq ¨ Z
puq

pn´1qKpβqpwqp1 ` αq

ď N ¨ MKLpn´1qrδ ` CLpn´1qδm ¨ p1 ` αq

ď CLpn´1qδpLpn´1qprδ´δq ` m ¨ p1 ` αqq ď CLnδ.

Since ΩBC is a full probability set, the probability of the intersection with the set of those
realizations where the ‘trimmed’ process survives remains positive. This intersection gives the
resulting event Ωδ since rZn ď ZnK . □

10.3. Conclusion of the proof of Theorem 8. By (18), Lemma 27 and Lemma 28, almost surely

dimBpΛq ď inf
tPr0,1s

P ptq

logpLq
,

and by Section 10.2, almost surely conditioned on non-extinction,

dimHpΛq ě inf
tPr0,1s

P ptq

logpLq
.

Since dimH Λ ď dimBΛ ď dimBΛ, and dimHpΛq “ dimBpΛq “ dimPpΛq by Lemma 21, this proves
(12).

Appendix A. Dimensions of sets

In this section we formally introduce the Hausdorff measure and the Hausdorff, lower and upper
box dimensions. We follow [2, 6, 14].

For a set U Ă Rd write diampUq “ supt}x´ y} : x, y P Uu. A collection of sets tUiuiPI is called a
δ-cover of a set E if E Ă

Ť

iPI Ui and, for all i P I, diampUiq ď δ. For E Ă Rd and s ě 0 we define

Hs
δpEq “ inf

!

ÿ

diampUiq
s, tUiu is a countable δ-cover of E

)

.

It is easy to see that Hs
δ is non-increasing in δ and therefore the limit

HspEq “ lim
δÑ0`

Hs
δpEq

exists. The resulting set-valued function Hs is in fact a metric outer measure which when restricted
to the Hs measurable subsets of Rd gives the Hausdorff s-measure. The Hausdorff dimension of
E Ă Rd is

dimH E :“ infts ě 0 : HspEq “ 0u “ supts ě 0 : HspEq “ 8u.

For a finite Borel measure µ we define its Hausdorff dimension as

dimH µ :“ inftdimH A : A Borel, µpAq ą 0u.

The same definitions are used on the symbolic space ΣrLd
s0 equipped with the metric of Section 7.
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Assume that E is a bounded set in Rd. We define the upper and lower box dimensions of E as

dimBpEq :“ lim inf
nÑ8

log#tUi P Dn : Ui X E ‰ Hu

n logpLq
(32)

dimBpEq :“ lim sup
nÑ8

log#tUi P Dn : Ui X E ‰ Hu

n logpLq
.(33)

When they agree we say that the box dimension exists, and we denote the common value by dimBpEq.
For the definition and basic properties of the packing dimension dimP we refer to [14, Chapter 5].

Appendix B. Symbolic space and trees

It is convenient for us to work with symbolic spaces and trees. Therefore, we now introduce some
basic notation for use throughout this note. The symbolic space over the alphabet t1, . . . ,Mu is
Σ “ ΣrMs1 “ t1, . . . ,MuN, equipped with the metric

dpi, jq “ ρ|i^j|

for some fixed ρ P p0, 1q. Here i ^ j is the maximal common prefix of i and j and |.| denotes the
length. We use this metric space to encode the points in the attractor in the following way. Let
π : Σ Ñ Rd be defined as

πpiq “ lim
nÑ8

Si|np0q, for i P Σ,

where i|n stands for the first n letters of i. This is called the natural projection corresponding to the
IFS S.

It will also be convenient to view the space Σ as an M -ary tree. We introduce some basic tree
terminology, based on the introduction of the book [12] (which we also recommend for further graph
terminology).

We will always work with locally finite rooted trees, where each parent has only a finite number
of children. In fact, we will always assume that for some 2 ď M P N each parent has at most M
children. Sometimes we will work with M -ary trees, by which we mean that each vertex has exactly
M children. A vertex v is called a level-n vertex if the shortest directed path from the root to v has
exactly n ` 1 vertices.

We represent a rooted tree in which each vertex has at most M children using finite words over
the alphabet rM s1. Let us describe the construction of the full rooted tree. The root of the tree is
the empty word, denoted by H. Recall that for n ě 0, we write

Σn “ t1, . . . ,Mun, Σ˚ “
ď

ně0

Σn,

where we set Σ0 “ tHu. In the tree the vertex set is Σ˚. The edge set is defined by

E “ t pi, iin`1q : i P Σ˚, in`1 P rM s1 u.

Thus, each word or vertex is connected to its children obtained by appending one symbol. Every
vertex i ‰ H of length n ě 1 has a unique parent i|n´1.

More generally, we may consider subtrees which are obtained as subsets of the full tree constructed
above. For a general tree T , the boundary, BT of T consists of the infinite words i for which all finite
prefixes i|n (n P N) are vertices of T . Since we will use trees to represent the geometric structure of
a random set obtained by the percolation process defined earlier, finite lineages (that is, vertices in
the tree which have no children) will occur naturally. Such lineages are invisible to the boundary of
the tree.
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Appendix C. Survival of the process, and the event Λ ‰ H

In this section we discuss the event that E8 (and consequently Λ) is non-empty.
The process #En is a Galton–Watson process (see for example [12, Chapter 5.1]) pZnqnPN with

Z0 “ 1 and offspring distribution F “ ppkqMk“0

pk “
ÿ

hPH
#h“k

ph.

It follows from the theory of branching processes that the probability that the process survives
(namely that Zn ą 0 for all finite n) is 1 ´ q where q is the smallest non-negative fixed point of the
probability generating function

fpsq “

M
ÿ

k“0

pks
k.

From this it follows that the process survives (with positive probability) in the above sense if and
only if p1 “ 1 (this is the critical case) or the expectation satisfies EpZ1q ą 1. In the event of
survival, by Kőnig’s lemma on the existence of infinite paths in locally finite trees, we have that
E8 ‰ H; or Λ ‰ H since it is an intersection of a nested sequence of non-empty compact sets.

The substitution model (and the underlying Galton–Watson process) is called supercritical if
EpZ1q ą 1, critical if EpZ1q “ 1, and subcritical if EpZ1q ă 1.

Appendix D. Branching property and statistical self-similarity

For i P Eℓ, j “ j1 . . . jn P rM sn1 let

Q
i
j “ W

ris
j1

W
rij1s

j2
. . .W

rij1...jn´1s

jn
.

Consider the sub-process
Epiq
k “ tj P rM sk1 : Q

i
j “ 1u.

The process satisfies an important branching property: Let i1, . . . , im P Eℓ, distinct level-ℓ nodes.
Then the sub-processes

`

Epi1q

k

˘

kě0
, . . . ,

`

Epimq

k

˘

kě0

are conditionally independent given σpEℓq, and each has the same distribution as the original process
pEkqkě0.

At the level of sets, this property is called statistical self-similarity.

Appendix E. Inherited properties and a 0–1 law for trees

In this section, we explain why certain events which occur with positive probability in fact occur
with probability one, conditional on non-extinction. This is a type of 0-1 law for Galton–Watson
trees. Note that this is not a consequence of the usual Kolmogorov 0-1 law as we do not have a nested
sequence of independent σ-algebras to form a tail σ-algebra to which we could apply Kolmogorov’s
theorem. Instead, we exploit the branching property and statistical self-similarity (see Section D).

This idea has appeared in many books and papers on the topic of trees and independent percolation
processes. We use the terminology of [12, Proposition 5.6]. We provide two interchangeable statement,
one for labelled trees and one for compact sets.

Definition 36. A property P of a tree (resp. a compact set) is called an inherited property if:
‚ The finite tree (resp. the empty set) has P.
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‚ If a tree T has P , then for all vertices i, the subtree Ti has P (resp. If a compact set has P
then each compact subset has P as well).

The key observation concerning inherited properties is the following lemma.

Lemma 37. Suppose P is an inherited property of a tree (resp. of a compact set). Then the
Galton–Watson tree (resp. the substitution random set constructed from the tree) satisfies P with
probability either 0 or 1 conditional on non-extinction.

For the proof, see [12, Proposition 5.6].

Appendix F. Large deviation lemma

Lemma 38. Let X1, . . . , Xn be a sequence of finite i.i.d. random variables on R with EpX1q “ m.
Then for a, b P R, a ă m ă b there exist γpaq P p0, 1q and γpbq P p0, 1q not depending on n such that

PpX1 ` ¨ ¨ ¨ ` Xn ă n ¨ aq ď γpaqn, and PpX1 ` ¨ ¨ ¨ ` Xn ą n ¨ bq ď γpbqn.

The proof is from [23], which we present in [17, Section 1.10.3].

Appendix G. Conjugation of IFSs

An IFS S 1 “ tS1
iu is called bi-Lipschitz conjugate to another IFS S “ tSiu if #S “ #S 1 and there

exists a permutation τ : t1, . . . ,mu Ñ t1, . . . ,Mu and a bi-Lipschitz homeomorphism h : Rd Ñ Rd

such that Sτpiq “ h ˝ Si ˝ h´1. In this case the attractors satisfy hpΛSq “ ΛS1 (see [2, Section 1.3.3]).
From this it follows bi-Lipschitz conjugation of systems preserves the various properties studied
in this note such as the dimension of sets, positivity of a measure of the set, and the existence of
interior points. We will use conjugation in the special case that h is a similarity map, in which case
the conjugated map has the same contraction ratio as the original system.
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